Abstract: Borehole breakouts appear in drilling and production operations when rock subjected to in situ stress experiences shear failure. However, if a borehole breakout occurs, the boundary of the borehole is no longer circular and the stress distribution around it is different. So, the interpretation of the hydraulic fracturing test results based on the Kirsch solution may not be valid. Therefore, it is important to investigate the factors that may affect the correct interpretation of the breakdown pressure in a hydraulic fracturing test for a borehole that had breakouts. In this paper, two steps are taken to implement this investigation. First, sets of finite element modeling provide sets of data on borehole breakout measures. Second, for a given measure of borehole breakouts, according to the linear relation between the mud pressure and the stress on the borehole wall, the breakdown pressure considering the borehole breakouts is acquired by applying different mud pressure in the model. Results show the difference between the breakdown pressure of a circular borehole and that of borehole that had breakouts could be as large as 82% in some situations.
Introduction
The in situ stress is of fundamental importance in petroleum engineering and geology, and it's desirable to determine the stress field from borehole data [1, 2] . The stress inside a solid cannot be measured directly, so the in situ stress has to be determined by indirect methods. The Kirsch equation is the first solution in elastic theory for the stresses in an infinite plate containing a circular hole. So far, the vertical stress is estimated by the overburden pressure, and the minimum horizontal principal stress is determined by hydraulic fracturing, but the maximum horizontal principal stress is the most difficult component of stress tensor to accurately estimate. Conventionally, the maximum horizontal stress is estimated by the minimum horizontal principal stress and breakdown pressure based on Kirsch equation [3] [4] [5] [6] [7] , so the accuracy of breakdown pressure is a key point to determine the maximum horizontal stress. However, because Kirsch solution is based on a circular borehole, if a borehole breakout occurs, the boundary of the borehole is no longer circular and the stress distribution around it is different froma circular borehole. Therefore, the interpretation of the hydraulic fracturing results based on the breakdown pressure derived from the Kirsch equation may not be valid, which leads to imprecision for determination of the maximum horizontal stress. Therefore, the investigation on how borehole breakouts influence the breakdown pressure in a hydraulic fracturing test is important for determining the maximum horizontal stress, and the influence of borehole breakouts on breakdown pressure is studied in this paper. practices. All of these studies show that there is an influence on the stress near the borehole wall from a borehole breakout, which means the determination of the maximum earth stress based on Kirsch solution and breakdown pressure is improper. Thus, how the borehole breakout impacts breakdown pressure becomes more important for in situ stress determination in deep drilling.
In this paper, the influence of borehole breakouts on breakdown pressure is studied, and the investigation of breakdown pressure of a borehole that had breakouts is performed in two steps. First, sets of finite element modeling provide sets of data on borehole breakout measures according to different in situ stresses. Second, for a given measure of borehole breakouts, according to the linear relation between the mud pressure and the stress on the borehole wall, the breakdown pressure considering the borehole breakouts can be acquired by applying different mud pressure in the model. By analyzing the error of breakdown pressure between circular and breakout borehole in different conditions, the applicability of Kirsch solution to determine the maximum horizontal principal stress is obtained in this study, which increases the accuracy of estimation of the maximum horizontal principal stress.
Model Structure and Methodology

Rock Failure Criterion
Rock Compression Failure Criterion
The Mohr-Coulomb failure criterion is chosen to be applied in this paper to predict the borehole breakout, which is given by:
in which
where c is cohesive strength, ϕ is internal friction angle, σ is the normal stress on the failure plane, τ is the shear stress on the failure plane, σ 1 and σ 3 are the maximum and minimum principal stresses, respectively. Based on Mohr-Coulomb failure criterion, if τ ≤ c + σ tan ϕ, no failure happened for the rock; if τ > c + σ tan ϕ, rock failures [43] . So, Equation (1) can be shortened as:
where, F = τ c+σ tan ϕ .
Rock Tension Failure Criterion
The tensile strength failure criterion is used in this paper to predict the borehole breakdown pressure [43] .
where, σ t is tensile strength of rock.
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Analytical Solution for the Width of Breakouts
Because the initial breakout zones extend in the direction of the minimum principal stress, and the width of breakouts remains stable [16] , the initial breakout width can be considered as the final breakout width, which is the analytical solution for the width of breakouts. The breakout width can be obtained by incorporating the Kirsch equation into the failure criterion.
The Kirsch equation can be written as follows [3] . where σ r is the radial stress, σ θ is the circumferential stress, σ z is the vertical stress, τ rθ is the tangential shear stress, σ H is horizontal maximum in situ stress, σ h is horizontal minimum in situ stress, σ V is vertical in situ stress, ν is Poisson's ratio, R is the radius of a borehole, r is distance from the center of the borehole, θ is the angle from the maximum principal stress, P m is the fluid pressure in the borehole. In the condition of σ θ > σ V > σ r and R = r, incorporating Equations (4a)-(4d) into Equation (1), Equation (5) can be obtained for the width φ b of borehole breakouts, which is shown in Figure 1 . In Figure 1 , r b is breakout depth.
in which 
4
The Kirsch equation can be written as follows [3] .
where is the radial stress, is the circumferential stress, is the vertical stress, is the 6 tangential shear stress, is horizontal maximum in situ stress, is horizontal minimum in situ 7 stress, is vertical in situ stress, is Poisson's ratio, is the radius of a borehole, is distance Based on the Kirsch equation, the analytical solution of breakdown pressure for the circular borehole can be obtained as follows.
Simulation of the Borehole Breakouts by the Finite Element Method
Borehole breakouts occur as a series of successive spalls in the direction of the local minimum principal stress that result from shear failure and are sub parallel to the free surface of the borehole wall [16, 17, 19] . Figure 2 shows the schematic of a typical borehole breakout process, where (1), (2), (n) represent the failure regions of each cyclic process, respectively; 1, 2, n represent the surface of a breakout of each cyclic process, respectively. 5 Figure 2 shows the schematic of a typical borehole breakout process, where (1), (2), (n) represent 6 the failure regions of each cyclic process, respectively; 1, 2, n represent the surface of a breakout of 7 each cyclic process, respectively.
8
Numerical simulation of borehole breakouts can be implemented by the following steps:
9
Step 1: Build a finite element model; apply boundary condition; analyze and determine the 0 stress distribution.
1
Step 2: Determine the scope of failure (1) by Mohr-Coulomb failure criterion.
2
Step 3: Take the elements in the failure scope out by changing the position of nodes of borehole 3 wall from circular wall to curve 1, and generate a new noncircular borehole wall along curve 1.
4
Step 4: Recalculate the stresses distribution based on noncircular borehole wall generated by
5
Step 3 and ascertain the scope of failure (2).
6
Step 5: Take the elements in the failure scope out by changing the position of nodes of borehole
7
wall from curve 1 to curve 2, and generate a new noncircular borehole wall along curve 2.
8
Step 6: Rerun Step 4 and Step 5 until no new failure scope occurs, and the stable shape of 9 breakouts is obtained, which is shown as curve n in Figure 2 .
0
Step 7: Write down the shape of borehole breakout, which is shown as curve n in Figure 2 , and 1 calculation is finished.
2
The flow chart is shown in Figure 3 . Numerical simulation of borehole breakouts can be implemented by the following steps:
Step 1: Build a finite element model; apply boundary condition; analyze and determine the stress distribution.
Step 3: Take the elements in the failure scope out by changing the position of nodes of borehole wall from circular wall to curve 1, and generate a new noncircular borehole wall along curve 1.
Step 4: Recalculate the stresses distribution based on noncircular borehole wall generated by Step 3 and ascertain the scope of failure (2).
Step 5: Take the elements in the failure scope out by changing the position of nodes of borehole wall from curve 1 to curve 2, and generate a new noncircular borehole wall along curve 2.
Step 6: Rerun Step 4 and Step 5 until no new failure scope occurs, and the stable shape of breakouts is obtained, which is shown as curve n in Figure 2 .
Step 7: Write down the shape of borehole breakout, which is shown as curve n in Figure 2 , and calculation is finished.
The flow chart is shown in Figure 3 . 
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A linear elastic model is chosen to be applied in this paper to predict a borehole breakout,
182
which is given by [43] :
in which is stress vector, is strain vector, is the elastic stiffness matrix.
where is Young's modulus, is Poisson's ratio. 
186
Because a borehole breakout is a complex process, and vertical stress close to the borehole wall
187
is changing in the process of breakout, space elements is easier than plane strain elements. Because a 188 linear elastic model is adopted in this paper, the computation is not much, so 8-node space
189
isoparametric elements are used in this paper. 
190
Finite Element Implementation
Analytical solutions of stress distribution around a borehole can be acquired from theKirsch Equation, which is just for a regular circular borehole. When borehole breakouts occur, there is no analytical solution available to predict its growth. Therefore a numerical model is necessarily introduced.
Constitutive Model
A linear elastic model is chosen to be applied in this paper to predict a borehole breakout, which is given by [43] :
in which σ is stress vector, ε is strain vector, D is the elastic stiffness matrix.
where E is Young's modulus, ν is Poisson's ratio.
Elements Choosing
Because a borehole breakout is a complex process, and vertical stress close to the borehole wall is changing in the process of breakout, space elements is easier than plane strain elements. Because a linear elastic model is adopted in this paper, the computation is not much, so 8-node space isoparametric elements are used in this paper. 
Governing Equations
The governing equations of equilibrium for elasticity can be described as:
where u is stress vector, f u is nodal loads vector, G and λ are Lame constants. The Galerkin finite element method is used herein to approximate above governing equations [44] . The displacement vector u at any point within an element can be expressed by displacement u at nodes and shape function. The expression for u is:
The final form of the finite element equation is as follows:
where M is elastic stiffness, u is vector for unknown displacement, f u is the vector for the nodal loads. The explicit expression for M is:
where B is the strain matrix, D is the elastic stiffness matrix.
Verification and Numerical Experiments
Finite Element Model for Borehole Breakouts
For a vertical borehole shown in Figure 4 that is subjected to horizontal in situ stresses σ H and σ h , the shape of breakouts φ b and r b can be acquired by finite element modeling, where r b is the depth of breakouts, and φ b is the width of breakouts (Figure 1) . A linear elastic model is chosen to be applied to predict a borehole breakout, and 8-node space isoparametric elements are used, and the total number of elements is 450. The finite element mesh of the model is shown in Figure 4 . 
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where is stress vector, is nodal loads vector, and are Lame constants.
193
The Galerkin finite element method is used herein to approximate above governing equations 194 [44] . The displacement vector at any point within an element can be expressed by displacement
195
at nodes and shape function. The expression for is:
where is elastic stiffness, is vector for unknown displacement, is the vector for the nodal
198
loads. The explicit expression for is:
where is the strain matrix, is the elastic stiffness matrix. 
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The geometric and mechanical parameters and their values are listed in Table 1 and Table 2 . Tables 1 and 2 . 6  95  55  28  110  60  50  125  70  72  140  75  7  95  50  29  110  55  51  125  65  73  140  70  8  100  80  30  110  50  52  125  60  74  140  65  9  100  75  31  115  85  53  125  55  75  140  60  10  100  70  32  115  80  54  125  50  76  140  55  11  100  65  33  115  75  55  130  85  77  145  85  12  100  60  34  115  70  56  130  80  78  145  80  13  100  55  35  115 
Verification of the Finite Element Model for Borehole Breakouts
By incorporating Mohr-Coulomb criterion into the Kirsch equation, the initial breakout zone can be defined analytically [12] . Because the initial breakout zones extend in the direction of the minimum principal stress, and the width of breakouts remains stable [16] , the initial breakout width can be considered as the final breakout width, which is theanalytical solution for the width of breakouts. The breakout width can be obtained by incorporating theKirsch equation into failure criterion. The breakout width for analytical and numerical solution is compared to verify the accuracy of finite element mode in this section. Table 3 shows different breakout depths corresponding to different in situ stresses and Table 4 shows different breakout width corresponding to different in situ stresses for analytical and numerical solution. The comparison between the obtained breakout width by analytical solution and numerical modeling is shown in the Table 4 and Figure 5 in terms of relative error. Figure 5 . Error of breakout width between analytical and numerical solutions.
2
From Table 3 , Table 4 , and Figure 5 , it can be seen that the numerical solution agrees well with 3 the analytical solution, with a maximum error that is less than 5%, which verifies the accuracy of 4 finite element modeling. Table 3, Table 4 , and Figure 5 , it can be seen that the numerical solution agrees well with the analytical solution, with a maximum error that is less than 5%, which verifies the accuracy of finite element modeling. Tables 3 and 4 show different breakout depthsand widths corresponding to different in situ stresses by finite element modeling.
Relationship between In Situ Stress and a Borehole Breakout
According to Figure 6 , all curves intersect at one point. That is because, based on Equation (5) Table 3, Table 4 , and Figure 5 , it can be seen that the numerical solution agrees well with 3 the analytical solution, with a maximum error that is less than 5%, which verifies the accuracy of 4 finite element modeling. Table 3 and Table 4 show different breakout depthsand widths corresponding to different in 7 situ stresses by finite element modeling. From Tables 3 and 4 , the relationship between breakout shape and in situ stresses are demonstrated in Figures 6-10 , from which some conclusions can be made as follows: 1 Figure 5 . Error of breakout width between analytical and numerical solutions.
2
From Table 3, Table 4 , and Figure 5 , it can be seen that the numerical solution agrees well with 3 the analytical solution, with a maximum error that is less than 5%, which verifies the accuracy of 4 finite element modeling. Table 3 and Table 4 show different breakout depthsand widths corresponding to different in 7 situ stresses by finite element modeling. 5 . Figure 10 shows that one to one correspondence doesnot exist between a breakout width and a breakout depth. 
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From Table 3 and 
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According to Figure 6 , all curves intersect at one point. That is because, based on Equation (5) 
20
18
20
From Table 3 and Figure 10 . Relationship between the width and depth of borehole breakout.
Analysis of Mesh Dependency (Influence of Finite Element Mesh Size)
Finite element models are built according to different element mesh sizes, and results are shown in Tables 5-8 , in which the total numbers of elements for Size1, Size2, and Size3 are 300, 450, and 600, correspondingly, and the error of breakout depth is relative to breakout depth for Size 3. As shown in Tables 5-8 and Figures 11-13 , the errors of breakout width and depth for Size1 are significant, which means the size of elements is too large. The errors of breakout width for Size2 and Size3 are less than 5% and the difference of breakout depth between Size2 and Size3 is less than 5%, which means the influence of element size is small when the element number reaches a sufficient level. Thus, in this paper, building thefinite element model by Size2 is satisfactory, where the total number of elements is 450. As shown in Tables 5-8 and Figures 11-13 , the errors of breakout width and depth for Size1 are 48 significant, which means the size of elements is too large. The errors of breakout width for Size2 and
49
Size3 are less than 5% and the difference of breakout depth between Size2 and Size3 is less than 5%,
50
which means the influence of element size is small when the element number reaches a sufficient As shown in Tables 5-8 and Figures 11-13 , the errors of breakout width and depth for Size1 are 48 significant, which means the size of elements is too large. The errors of breakout width for Size2 and
49
50
which means the influence of element size is small when the element number reaches a sufficient 
Verification of the Process of Borehole Breakouts
For a vertical borehole shown in Figure 4 in which horizontal in situ stresses σ H = 100 MPa, σ h = 60 MPa and other values of geometric and mechanical parameters are in Table 1 , the process of borehole breakout is shown in Table 9 , Table 10 , and Figures 14-17. 
3.5.Verification of the Process of Borehole Breakouts
54
For a vertical borehole shown in Figure 4 in which horizontal in situ stresses = 100 MPa,
55
= 60MPa and other values of geometric and mechanical parameters are in Table 1 , the process of 56 borehole breakout is shown in Table 9 , Table 10 , and Figures 14-17. (2)) changes from F > 0 to F < 0. 
62
It can be seen from Table 9 , Figure 14 , and Figure 15 that the principal stresses of elements close
63
to the tip of borehole breakouts are increasing in the process of breakouts, buttheF value (Equation It can be seen from Table 9 , Figure 14 , and Figure 15 that the principal stresses of elements close to the tip of borehole breakouts are increasing in the process of breakouts, but the F value (Equation (2)) changes from F > 0 to F < 0.
From Table 10 , Figure 16 , and Figure 17 , thebreakout region decreases and the depth of breakout increases as breakouts are developing, which means the depth of breakouts increases till a stable state, but the width of breakouts remains unchanged.
Numerical Experiments on Breakdown Pressure of the Borehole That Had Breakouts
In this section, a numerical experiment is conducted to investigate the breakdown pressure of the borehole that had breakouts under different in situ stresses. The experiment is for a vertical borehole as shown in Figure 4 in which the values of geometric and mechanical parameters are in Table 11 . The investigation is implemented in two steps. First, sets of finite element modeling provide sets of data on borehole breakout measures. Second, for a given measure of borehole breakouts, the breakdown pressure considering the borehole breakouts is acquired by applying different mud pressure in the model, and results are shown in Tables 12 and 13 . Table 12 . Results of the shape of borehole breakouts. 
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In this paper, based on Table 14 , Figure 18 , and Figure 19 , when ( ) ⁄ > 3.5, the error of 
In this paper, based on Table 14 , Figure 18 , and Figure 19 , when ( ) ⁄ > 3.5, the error of
16
breakdown pressure with circular hole assumption is less than 10%; when ( ) ⁄ > 2 and
17
< 40°, the error of breakdown pressure with circular hole assumption is less than 10%; when ( ) ⁄ < 2 and > 40°, the error of breakdown pressure with circular hole assumption is 
25
In this paper, based on Table 15 and Figure In this paper, based on Table 14 , Figure 18 , and Figure 19 , when P f (circ)/P m > 3.5, the error of breakdown pressure with circular hole assumption is less than 10%; when P f (circ)/P m > 2 and φ b < 40
• , the error of breakdown pressure with circular hole assumption is less than 10%;
when P f (circ)/P m < 2 and φ b > 40
• , the error of breakdown pressure with circular hole assumption is more than 10%; when P f (circ)/P m < 1.5, the error of breakdown pressure with circular hole assumption is more than 10% most of the time. In this paper, based on Table 15 and Figure 20 , when P f (circ)/P m > 3.5, the error of breakdown pressure with circular hole assumption is less than 10%; when P f (circ)/P m > 2 and (r w + r b )/r w < 1.5, the error of breakdown pressure with circular hole assumption is less than 10%; when P f (circ)/P m < 2 and (r w + r b )/r w > 1.5, the error of breakdownpressure with circular hole assumption is more than 10%; when P f (circ)/P m < 1.5, the error of breakdown pressure with circular hole assumption is more than 10% most of the time.
Conclusions
In this paper, the influence of breakouts in a borehole on the breakdown pressure in a hydraulic fracturing test is investigated. The finite element method is employed to simulate the borehole breakouts based on elasticity and Mohr-Coulomb failure criterion, and the obtained breakout measurementsare subsequently conducted to determine breakdown pressures of a borehole under different in situ stresses.
The finite element modeling of borehole breakouts is verified against the analytical solution, with the assumption of successive spalling of thin layers of rock caused by stress redistribution around the borehole and breakouts, which is consistent with previous studies.
From the results of numerical experiments, the influence of borehole breakouts on breakdown pressure is obtained, and the question of when to consider a borehole breakout for determining the maximum horizontal principal stress is resolved.
1. For a breakout borehole, the breakdown pressure is related to breakout width, breakout depth, and initial mud pressure causing a borehole breakout.
2. For a breakout borehole, the closer the breakdown pressure based on the Kirsch solution and initial mud pressure causing the borehole breakout, the greater the error of breakdown pressure based on the Kirsch solution.
3. The larger the borehole breakout, the greater the error of breakdown pressure based onthe Kirsch solution.
4. When a borehole breakout is large or the breakdown pressure based on the Kirsch solution is close to the initial mud pressure causing the borehole breakout, the difference of breakdown pressure between a circular borehole and a breakout borehole is large, and the determination of the maximum horizontal principal stress based on the Kirsch solution is improper, so the influence of borehole breakout should be considered for determining the maximum horizontal principal stress.
5. Modest changes in borehole cross section as a result of breakout do not significantly alter the breakdown pressure from that given by the Kirsch solution for a circular hole subjected to the same in situ stresses, so in this case, the maximum horizontal principal stress can be determined based on the Kirsch solution.
As hydraulic fracturing has been thegold standard in measuring in situ stress in the oil and gas industry, an alert is raised in this paper regardingthe possible consequence of the negligence of the influence of borehole breakout on breakdown pressure interpretation, the most important parameter in hydraulic fracturing tests. 
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